Introduction
The Morse oscillator potential [1] plays an important physical role in quantum mechanics and in the field of molecular physics describing the vibrations between two atoms and has attracted much interest for decades. It is an exactly solvable potential for s-waves (l ¼ 0) and is of much use in spectroscopic applications. However, for the rotating Morse potential (l 6 ¼ 0), some semiclassical and/or numerical solutions have been obtained using various approximation methods. An effective approximation commonly known as the Pekeris approximation [2] was used to obtain the semiclassical solutions [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . This approximation was employed for solving the rotating Morse potential with any l-states [7, 10] . These methods include the variational [3] , supersymmetry (SUSY) [4] , the hypervirial perturbation [5] , the shifted 1/N expansion (SE) and the modified shifted 1/N expansion (MSE) [6] , the Nikiforov-Uvarov (NU) method [7] , the asymptotic iteration method (AIM) [9] , the exact quantization rule (EQR) [10] , the tridiagonal J-matrix representation (TJM) [11] , the Wigner distribution function (WDF) for the rotating Morse oscillator (RMO) [12] , the twopoint quasi-rational approximant technique (TQA) [13] and the results of Duff and Rabitz (DR) [14] , etc.
Over the past few years, the effects of the positiondependent mass (PDM) on the solutions of the nonrelativistic and relativistic wave equations have been of considerable interest [15] [16] [17] [18] [19] [20] [21] . Indeed, there exists a wide variety of situations in which PDM is of utmost relevance. PDM also holds for deformations in the quantum canonical commutation relations or curvature of the underlying space. This subject has wide applications in the study of material science and condensed matter physics, such as quantum semiconductors [22] , the electronic properties of quantum wells and quantum dots (QDs) [23] , 3 He clusters [24] , quantum liquids [25] , graded alloys and semiconductor heterostructures [26] and the impurities in crystals [27] , etc.
The point canonical transformation [15] , deformed algebras [28] , the quadratic algebra method [29] , the path-integral method [30] , the Lie algebra approach [31] and SUSY formalism [32] are a few methods used to solve exactly the wave equations for the case of constant and PDM distributions.
In the last decade, algebraic techniques such as the Lie algebraic methods [33] and factorization methods [34] have been developed and applied in molecular spectroscopy. The Lie algebraic methods have been introduced in the systematic study of the spectra of molecules (vibron model) [35] . The introduction was based on the second quantization of the Schro¨dinger equation with a three-dimensional Morse potential and described rotation-vibration spectra of diatomic molecules [36] . Soon afterwards the algebraic method was extended to rotation-vibration spectra of polyatomic molecules [37] . The Morse oscillator can be solved exactly using a variety of algebraic methods [34] . These problems correspond to different realizations of the so(2,1) algebra and a comparison of generators of the algebra may be used to identify mappings between each pair of systems. The resultant transition operators act as ladder, or energy changing, operators in the cases of the Coulomb and harmonic oscillator potentials, whereas they act as a shift operator, acting at constant energy, in the case of the Morse potential [38] . A realization of the raising and lowering operators for the Morse potential has also been given. They satisfy the commutation relations for the SU(2) group [38] . An alternative algebraic approach, the use of the method of supersymmetric quantum mechanics, or factorization, produces in each case a set of shift operators. The bound-state solutions and the su(1, 1) description of the D-dimensional radial harmonic oscillator, the Morse and the D-dimensional radial Coulomb Schro¨dinger equations are reviewed in a unified way using the point canonical transformation method. It is established that the spectrum generating su(1, 1) algebra for the first problem is converted into a potential algebra for the remaining two. This analysis is also extended to Schro¨dinger equations containing some position-dependent mass [39] . The algebraic solutions of the Schro¨dinger equation with positiondependent mass for the Morse potential are obtained by the series expansion method. The Morse potential and the PDM, m(r) ¼ m 0 e r are expanded in the series about the origin [40] . A singular oscillator Hamiltonian with a position-dependent effective mass has been constructed. It was found that an su(1,1) algebra is the hidden symmetry of the quantum system and the isospectral potentials V(x) depend on the different choices of m(x) [40] .
Recently, the Nikiforov-Uvarov (NU) method [41] and other methods have been used to solve the Schro¨dinger [16] [17] [18] [19] , the Klein-Gordon (KG) [42, 43] and the Dirac [44] equations with PDM distribution and constant mass [45] [46] [47] .
Quite recently, we solved the PDM Schro¨dinger equation [48] with a suitable choice of PDM function very similar to the ansatze used by Bagchi et al. in Equation (10) of Ref. [49] , which worked well for the Morse oscillator potential (l 6 ¼ 0). Further, the energy spectrum and the corresponding wave functions are obtained for the present system. In our solution, we applied the parametric generalization model of the NU method [44, 46] combined with the Pekeris approximation scheme for the centrifugal term l(l þ 1)/r 2 [48] . To the best of our knowledge, the rotationvibration motion of diatomic molecules has not been studied in the coordinate-dependent ordering Schro¨dinger equation with general parameters , , , and a satisfying the condition þ þ ¼ À1. For the sake of completeness, the aim of the present work is to extend the NU solution of Ref. [48] to a general ordering ambiguity PDM radial Schro¨dinger equation [50] [51] [52] [53] [54] with the effective potential
, where V M (r) is the Morse oscillator potential and U a (r) is the ordering potential. The present solution comprises all the well-known ordering of parameters proposed by many authors in the literature such as the ordering of Gora and Williams [52] (a þ ¼ 0, ¼ À1) BenDaniel and Duke [51] (a ¼ ¼ ¼ 0), Zhu and Kroemer [53] 
However, the solution introduced in Ref. [48] is valid only for the Weyl ordering [50] . It should be noted that the work in Ref. [48] introduced the present approach for a constant mass and is now applied to a non-constant mass case. However, the present analytical solution is presented in terms of the general parameters , , and a satisfying the condition þ þ ¼ À1 and computed numerically for the Weyl ordering [50] .
The contents of the paper are as follows. In Section 2, we obtain the NU approximate analytic bound-state solution of the general coordinate-dependent PDM Schro¨dinger equation with the Morse oscillator potential using the Pekeris approximation scheme. Two special cases of much interest, the constant mass and the vibration (l ¼ 0), are investigated. In Section 3, we compute the rotation-vibration bound-state energies for H 2 , LiH, HCl and CO molecules for different vibration n and rotation l quantum numbers considering the constant and varying mass cases. Conclusions are presented in Section 4.
Morse oscillator potential with position-dependent mass
Now in our analytic implementation we use the classical Morse oscillator potential model for diatomic molecules, defined by [1] V r ð Þ ¼ V 1 e
À2b rÀr e ð Þ À V 2 e
Àb rÀr e ð
where V 1 4 0 and V 2 4 0 are two strength parameters of the potential corresponding to D e and 2D e respectively. The potential strength D e is the dissociation energy, the parameters r e and b are two positive parameters to signify the equilibrium position of the nuclei and the width of the potential well, respectively.
The numerical values of these parameters are shown in Table 1 for different diatomic molecules along with the sources from which these data were extracted. The vibrations of a two-atomic molecule can be excellently described by this potential type for s-waves (l ¼ 0).
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If we want to calculate the rotation bound-state energy for l 6 ¼ 0 we need to make an approximation to the centrifugal term. We begin by defining a quite general Hermitian effective Hamiltonian for the case of a spatially dependent mass. We consider the general parameterized Schro¨dinger Hamiltonian being expressed in terms of the general coordinate-dependent ordering of parameters and a satisfying the condition þ þ ¼ À1: For example, the specific choice of the parameters ða ¼ 1, ¼ 0 ¼ Þ leads us to the Weyl ordering [48] . This parameterized effective Hamiltonian with four terms was proposed by von Roos [55] , including the case of the Weyl ordering [50] , and is given by [56] H
where and a are the ambiguity parameters satisfying the constraint þ þ ¼ À1 The above parameterized Hamiltonian is valid for all mentioned types of ambiguity orderings. A similar Hamiltonian was used by Levinger and collaborators [57] . Using the properties of the canonical commutators, it is easy to show that one can put the momenta to the right, so obtaining the following effective Hamiltonian:
where m ¼ mðrÞ is the real mass function and the prime denotes the differentiation with respect to r It should be mentioned that all the ambiguity in the last effective potential term can be eliminated by imposing some convenient constraints over the ambiguity parameters: 
To eliminate the first derivative in Equation (3), we shall use a simple method based on the point canonical transformations (PCT) technique which maps the ordinary Schro¨dinger equation with a constant mass (reference problem) to a Schro¨dinger equation with a spatially dependent mass (target). This procedure has been used recently to obtain solutions for particular potentials [15, 58] . For that, substituting
into Equation (3), we obtain, after some algebra, a differential equation in a more familiar form
with the effective potential
where r 2 ð0, 1Þ and 'ð0Þ ¼ 'ð1Þ ¼ 0. It is found that the Weyl ambiguity ordering [50] is equivalent to Li and Kuhn ambiguity ordering [54] in the case of the Schro¨dinger equation.
Let us now turn to the analytical solution of Equation (5) together with Equation (6) where the mass is allowed to depend on the position r [15, 28, 48, 58, 59] . Such systems are motivated mostly by condensed matter problems [60] and mathematical physics problems, such as the quest for solutions of the Schro¨dinger equation [28] and scattering in abrupt hetero structures. For instance, Schmidt [61] studied 
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Molecular Physics 1417 the quantum evolution and temporal evolution of wave packets revival which have variable mass and are confined in an infinite potential well. This effect takes place also in other systems, for example as the circular setup presented in Ref. [62] , and the 2D billiard in the presence of a magnetic field [63] . For that, we consider the analytically solvable model [15] where the effective mass is taken in the form [48, 49, 64] 
with 0 " 5 1 being a real coupling constant parameter. The above mass function mðrÞ ¼ m 0 ð1 À " 0 e Àbr Þ À2 , " 0 ¼ " e br e is convergent mðrÞ ! m 0 when r ! 1 and finite mðrÞ ¼ m 0 ð1 À " 0 Þ À2 when r ! 0. It is found that the mass function has the exponential form of the reciprocal Morse-like potential as conjectured by the non-relativistic (Equation (5) of Ref. [49] and Equation (6) of Ref. [65] ) and relativistic (Equation (30) of Ref. [66] ) models. This is because of the dominating potential field in the region between the two interacting nuclei beyond the fact that it results in a solvable wave equation (mathematical suitability). We thus find that the Morse oscillator potential V(r) with reciprocal Morse-like PDM (7) can be easily reduced to its standard form with constant mass. However, in the present choice of the mass functions, there is no loss of generality when the value of parameter " is taken to be small (i.e. " ! 0). It must be stressed that other choice of mass functions can be made that work well for the Morse potential. It is also interesting to observe that some authors have used different forms for the mass function, i.e. mðxÞ ¼ m 0 þ m 1 e Àx þ m 2 e À2x , which is simply obtained from the solution of the Dirac equation for the Morse potential and can easily be reduced to constant mass when m 1 ¼ m 2 ¼ 0 and convergent to m 0 when x ! 1 [66] . On the other hand, Schmidt [61] selected three particular cases for the mass function m x ð Þ ¼ cx with c ¼ 1 and ¼ 1, 2 and 4 to study the temporal evolution of a free wavepacket inside an infinite well potential where its mass is position dependent.
We will consider the Morse oscillator potential with non-vanishing orbital angular momentum quantum numbers and apply the parametric generalization of the NU method presented in Section 2 and Appendix A of Ref. [48] to calculate the energy spectrum and the corresponding wave functions. The Morse oscillator potential with l 6 ¼ 0 is not exactly solvable and hence our numerical results cannot be checked against exact ones. However, many numerical and perturbative results have been published in recent years [7, 9, 10, 67] . The most widely used approximation was devised by Pekeris [2] and is based on the expansion of the centrifugal term l ðl þ 1Þr À2 in a series of exponential terms around the equilibrium inter-nuclear position r ¼ r e ðx ¼ 0Þ of the Morse oscillator potential by keeping terms up to second order r=r e (i.e. at low excitation energy, where r % r e ). Other approximations have also been devised but they require numerical solution of transcendental equations [6, 68, 69] . The Pekeris approximation is mainly based on an expansion in powers of exponential functions and truncated at the quartic term. It is effective only in approximating the lower-excitation rotation energy states, but is quite poor in the description of higherexcitation rotation energy states because of the large inter-atomic separations [44] . To apply the Pekeris approximation, we change the parameters and coordinates, ¼ br e , x ¼ ðr À r e Þ=r e and d=dr ¼ ð1=r e Þðd=dxÞ, to obtain [7] 
where
Also we can rewrite Equation (5) more explicitly as
where we have used 'ðxÞ ¼ 'ðrÞ and the identifications
Making a further change of variables z ¼ e Àx 2 ½0, 1 followed by some straightforward algebra, we can finally reduce Equation (10) with the aid of Equation (11) to a hypergeometric-type equation
where 'ðzÞ ¼ 'ðxÞ and
Comparing Equation (12) with Equation (1) of Ref. [48] and applying the parametric generalization of the NU introduced in Appendix A of Ref. [48] gives the following values for the set of polynomials and constants:
Further, the application of relations (A1)-(A4) of Ref. [48] together with the above values of constants gives the following particular values for the essential functions:
and
where 0 ðzÞ ¼ À"ð2 þ 2" nl þ SÞ 5 0: Also, applying relation (A5), the energy equation for the potential model (1) can be found as
where n is the vibration quantum number and n max denotes the maximum number of bound states where the sign changes. The above equation can alternatively be expressed as
where l ¼ 0, 1, 2, . . . , signify the rotation quantum number. Indeed, the energy expression in (20) is the most general form valid for any ordering of parameters. It should be noted that the results of Ref. [48] can easily be recovered when the ordering parameters take values a ¼ 1 and ¼ 0 ¼ (Weyl ordering) [50] . For the s-waves (l ¼ 0), the exact vibration energy states turn out to be
where n ¼ 0, 1, 2, . . . , n max and the parameters q 1 and q 2 are expressed in terms of general ordering parameters as
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The above energy formula represents a general solution containing the mass coupling parameter ", which shapes the mass function (7). For example, when the mass is constant, i.e. " ¼ 0, then the energy spectrum becomes
or it can be explicitly expressed as
which is the rotation-vibration energy spectrum for the Morse oscillator potential. Consequently, the vibration energy spectrum for s-waves (l ¼ 0) is
where n max is the integer number of bound states for the whole bound spectrum near the continuous zone. The above energy spectrum coincides with those reported in the literature [11] .
In the following we turn to the calculation of the corresponding wave functions. The wave functions can now be obtained from relations (A6)-(A10) of Appendix A of Ref. [48] . First, the weight function can be found as [18, 41] 
where " nl is given in Equation (19) , which, in turn, gives the first part of the wave function
and the second part as
Combining Equations (27) and (28), we obtain the unnormalized wave function expressed in terms of the Jacobi polynomials as
On the other hand, we give the relation linking the hypergeometric function and the Jacobi polynomials (see formula (8.962.1) of Ref. [70] ),
to rewrite the radial wave functions as
and the total normalized radial wave functions of the ordinary Morse oscillator potential are
where 0 " 5 1 and the normalization constant
, and
where S ¼ c 11 is defined in Equation (15) . It should be noted that the above solutions are well-behaved at the boundaries, i.e. a regular solution near the origin could be nl ðr ! 0Þ ! e b" nl r e ð1 À " e br e Þ ðSÀ1Þ=2 , and asymptotically at infinity as nl ðr ! 1Þ ! 0.
When the mass becomes constant, we treat this case separately as follows. The weight function given by Equation (5) of Ref. [48] can be found as
1420 S.M. Ikhdair which leads to the Laguerre polynomials:
where x ¼ 2 ffiffiffiffi ffi 1 p z: The second part of the wave functions given by Equation (7) of Ref. [48] can be found as
Hence, the unnormalized wave functions expressed in terms of the Jacobi polynomials read
ÀbðrÀr e Þ and B nl is the normalization constant [7] . Table 1 .
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Results and discussion
The Morse oscillator potentials for H 2 and LiH are plotted in Figure 1 . Clearly, in the long interaction range 0 r 1:2 A, the potential interaction for LiH is greater than that for H 2 (i.e. a long-range weak interaction and positive bound-state energy levels).
At r close to zero, it is nearly 60 eV and 40 eV for LiH and H 2 , respectively. However, in the interaction range r ! 1:4 A, the potential interaction seems to be constant for the two molecules and approaches zero, but is higher for H 2 . A similar plot of the Morse potential for HCl and CO is shown in Figure 2 . It should be noted that, at short distances in the range 0 r 0:6 A, the CO molecule has a stronger interaction than the HCl molecule (i.e. a short-range strong interaction and positive bound-state energy levels). Hence, at r close to zero, it is nearly 1600 eV and 400 eV for CO and HCl, respectively. However, in the interaction range r ! 0:6 A, the two potential interactions corresponding to the two molecules are found to coincide and are constant. The numerically generated vibration s-bound state energies for H 2 , LiH, HCl and CO for the whole spectrum, together with the number of bound states, are shown in Table 2 . These numerical computations were performed using the model parameters shown in Table 1 with the order of the eigenvalues represented by n (the vibration quantum number). We also found that these vibration energy states are in excellent agreement with the exact results computed from analytic formula (26) for low-and high-level excitations. In Table 2 , we had to go to higher-order bound states to reach the level at which our numerical results start deviating from the exact results. These results are also compared with those obtained previously by the tridiagonal J-matrix representation [11] . Good agreement between the numerical and exact results is seen at low vibrations. We have also calculated numerically the number of bound states n max along with the whole vibration bound-state spectrum near the continuous zone for each molecule. They are identical to the numerically calculated n max values shown in Table 2 .
In Figure 3 , we plot the s-wave (l ¼ 0) energy curves versus vibration quantum number n for H 2 , HCl and LiH, respectively. A similar plot for the s-wave energy spectrum is shown for the CO molecule in Figure 4 . It should be noted that the calculated values of n max obtained from Equation (26) Figures 3 and 4) . The agreement between our numerical results and those generated by other methods up to four significant digits is reassuring. A slight difference 
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is observed and this is simply due to the Pekeris approximation [2] where the centrifugal term is approximated to second order in r=r e (i.e. at low excitation energy, where r % r e ). If the average distance between the two nuclei in a diatomic molecule is r e , then this can also be considered as being the order of magnitude of the uncertainty in the position of the valence electrons that are responsible for the binding of (20) and (21), leading to the same results obtained previously in Ref. [48] for " ¼ 0 (i.e. the constant mass case, m ¼ m 0 ). The extension of our study, choosing the Weyl ambiguity ordering, to the numerical calculations of the energy levels taking into account the positiondependent mass (PDM) with an arbitrary choice " 6 ¼ 0 Tables 3-6 for various values of the coupling parameter ", the variation of the energy levels of H 2 , HCl, LiH and CO, respectively, using the model parameters in Table 1 . The energy levels increase with increasing ", as demonstrated by Equation (7) . The numerical energy states corresponding to the varying mass case presented in Tables 3-6 can be tested by means of mathematical software programs (Mathematica, Maple, Mathcad, etc.) for a given set of parameters. A first look at the results shows that the bound-state energy is the lowest (largest) for the LiH (CO) molecule. However, the spectroscopies of H 2 and HCl are found to be intermediate and very close to one another. The free wave-packet inside the Morse oscillator potential where its mass is position dependent [61] in turn leads to a respective change in the energy spectroscopy for every molecule.
To the best of our knowledge, this investigation represents the first exploration of the interactions in particles with a choice of specific mass functions moving in specified physical potentials. Since, in many physical situations, a particular mass distribution may be approximated by some typical functions such as Equation (7) and others mentioned in the present work, our results may provide the basic solutions for more complicated potential functions and PDM distributions.
Summary and conclusions
To summarize, we have applied the parametric generalization of the NU method derived for exponential-type potentials to obtain the bound-state solutions of the effective Schro¨dinger equation with position-dependent mass for the ordinary Morse oscillator potential for l 4 0: The main feature of the present study is that our solution to the coordinatedependent ordering Schro¨dinger equation with general parameters , , and a satisfying the condition þ þ ¼ À1 can easily be reduced to the PDM Schro¨dinger equation of Ref. [48] once the Weyl ambiguity ordering a ¼ 1 and ¼ 0 ¼ is applied. Furthermore, a suitable choice of a position mass function of the Morse-like form has also been devised. The present calculations include energy eigenvalues and the normalized wave functions expressed in terms of the Jacobi polynomials. This is a new feature due to the PDM environment, since it can be seen from Equation (7) that there are some restrictions on the parameter " in the effective mass function. In addition, since the energy eigenvalues of the realistic diatomic potentials are more accurately modified by the mass function, we are confident that our approach will produce much more accurate information concerning the structure and dynamics of such molecules if we change the parameter ": Also, the resulting energy eigenvalues are reduced to the constant mass case energy states in Equation (25) for the rotation Morse potential in the limit when " ! 0: The motivation for these generalizations of the potential model with various choices of the parameter " provides us with a family of energy eigenvalue solutions for the corresponding mass function. Here, in obtaining the boundstate energies for H 2 , LiH, HCl and CO, we have provided an alternative method. Our numerical results compare favorably with those obtained using other approximation schemes. The present numerical calculations are obtained by following the Weyl ambiguity ordering a ¼ 1 and ¼ 0 ¼ or, equivalently, the Li and Kuhn ambiguity ordering a ¼ 0 ¼ and ¼ À1=2: It should be noted that the analytical results presented here allow one to calculate the energy eigenvalues as well as wave functions in a very simple way, with very high accuracy for lower-and higherexcitation vibration levels, sufficient for most of the applications presently known.
